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esponse is simulated in a modified parallel-disk viscometer that implements
steady and unidirectional dynamic shear under physiological conditions. Anchorage-dependent mammalian
cells adhere to a protein coating on the surface of the rotating plate, receiving nutrients and oxygen from an
aqueous medium that flows radially and tangentially, accompanied by transverse diffusion in the z-direction
toward the active surface. This process is modeled as radial convection and axial diffusion with angular
symmetry in cylindrical coordinates. The reaction/diffusion boundary condition on the surface of the
rotating plate includes position-dependent stress-sensitive nutrient consumption via the zr- and zΘ-
elements of the velocity gradient tensor at the cell/aqueous-medium interface. Linear transport laws in
chemically reactive systems that obey Curie's theorem predict the existence of cross-phenomena between
scalar reaction rates and the magnitude of the second-rank velocity gradient tensor, selecting only those
elements of ∇v experienced by anchorage-dependent cells that are bound to protein-active sites. Stress
sensitivity via the formalism of irreversible thermodynamics introduces a zeroth-order contribution to
heterogeneous reaction rates that must be quenched when nutrients, oxygen, chemically anchored cells, or
vacant active protein sites are not present on the surface of the rotating plate. Computer simulations of
nutrient consumption profiles via simple nth-order kinetics (i.e., n=1,2) suggest that rotational bioreactor
designs should consider stress-sensitivity when the shear-rate-based Damköhler number (i.e., ratio of the
stress-dependent zeroth-order rate of nutrient consumption relative to the rate of nutrient diffusion toward
active cells adhered to the rotating plate) is greater than ≈25% of the stress-free Damköhler number.
Rotational bioreactor simulations are presented for simple 1st-order, simple 2nd-order, and complex stress-
free kinetics, where the latter includes a 4th-order rate expression that considers adsorption/desorption
equilibria via the Fowler–Guggenheim modification of the Langmuir isotherm for receptor-mediated cell–
protein binding, accompanied by the formation of receptor complexes. Dimensionless parameters are
identified to obtain equivalent stress-free nutrient consumption in the exit streams of 2-dimensional creeping-
flow rotational bioreactors and 1-dimensional laminar-flow tubular bioreactors. Modulated rotation of the
active plate at physiological frequencies mimics pulsatile cardiovascular flow and demonstrates that these
rotational bioreactors must operate above the critical stress-sensitive Damköhler number, identified under
steady shear conditions, before dynamic shear has a distinguishable effect on bioreactor performance.

© 2009 Elsevier B.V. All rights reserved.
1. Introduction

Rotational shear in conventional viscometers is useful to stimulate
the proliferation of anchorage-dependent cells and identify the critical
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angular velocity that induces cell–protein detachment. Larger cell–
protein binding energies cause detachment to occur at higher angular
velocities of the rotating plate and at radial positions that are farther
from the rotation axis. These characteristics of steady-shear rotational
viscometers are incorporated into a unique two-dimensional creeping-
flow bioreactor to quantify the effects of viscous shear on rates of
chemical reaction in stress-sensitive systems, such as anchorage-
dependent cells attached to a protein layer on the surface of the
rotating plate. Continuous flow of nutrients radially outward from the
rotation axis is employed to avoid problems associated with a
discontinuous nutrient environment when batch systems are regener-
ated with fresh feed at regular intervals. Assistance from non-
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equilibrium thermodynamics provides a fundamental approach to
describe stress-dependent nutrient consumption at the cell/aqueous-
medium interface. Under isotropic conditions where the transport
coefficients are scalars, flux-i is coupled to force-j if the tensorial
ranks of flux-i and force-j are the same or if they differ by an even
integer [1–3]. This classic theorem for flux-force relations is known as
the Curie restriction in isotropic systems, proposed by P. Curie in 1903
[1]. As a consequence of Curie's theorem in N-component systems, via
the transport-phenomena-based rate of entropy production per
volume of fluid, there are N first-rank tensorial fluxes that are coupled
to N first-rank tensorial forces via linear laws [3]. Soret diffusion and
Dufour conduction represent examples of these couplings between
vector fluxes and driving forces in heat and mass transfer [4,5]. Curie's
theorem predicts that scalar rates of production of themass of species i
due to chemical reaction should be coupled to a scalar representation of
the velocity gradient tensor, in addition to any convective enhancement
resulting from a reduction in the mass transfer boundary layer
thickness adjacent to the active surface. This formalism is employed
to construct heterogeneous rates of nutrient consumption and
mammalian cell proliferation that are stimulated by viscous shear [6].
There are practical examples where tensile stress stimulates the
response of smooth muscle cells [7], compressive stress stimulates
nutrient consumption by bone cells [8,9], and shear accelerates the
proliferation of endothelial cells [6]. Hence, one constructs the magni-
tude of the velocity gradient tensor, not its trace or determinant, to
quantify shear-stress-sensitive rates of nutrient consumption by
selecting only those elements of ∇v that act across the surface of the
rotating plate where anchorage-dependent cells bind to proteins. This
methodology introduces a zeroth-order contribution to heterogeneous
reaction rates that must be quenched via Heaviside step functionswhen
nutrients, oxygen, chemically anchored cells, or vacant active protein
sites are not present on the surface of the rotating plate. The primary
motivation for this investigation includes (i) the use of conventional
rotating-disk viscometers that exhibit position-dependent viscous
shear at the active surface where anchorage-dependent cells consume
nutrients, (ii) comparisons between steady shear in geometrically
dissimilar tubular and rotational bioreactors, and (iii) implementation
of dynamic shear in the rotating-disk geometry via angular velocity
modulations at physiological frequencies to simulate pulsatile cardio-
vascular flow.

2. Stress-sensitive rotational bioreactor model

2.1. Schematic representation of the rotational bioreactor

The conditions in this creeping-flow parallel-disk configuration
combine two classic problems from Newtonian fluid dynamics, as
Fig.1. Schematic illustration of the parallel-disk bioreactor with 2-dimensional creeping
flow and non-reversing dynamic shear at the surface of the rotating plate, where cells
are seeded at z=2B. Steady shear is obtained when the peak-to-peak amplitude A of
angular velocity modulations vanishes. The lower plate at z=0 is stationary and inert.
illustrated in Fig. 1. Solid-body rotation of the upper plate at z=2B
induces either steady (i.e., A=0) or dynamic (i.e., A=Ω) tangential
fluid motion. The introduction of fresh nutrient feed that enters the
bioreactor through the center of the rotating shaft at r=Rinlet is
responsible for flow radially outward. Nutrient depletion in the exit
stream at the outer edge of both plates (i.e., r=RPlate) is predicted
via integration of the microscopic nutrient mass density profile with
respect to Θ (i.e., 0≤Θ≤2π) and z (i.e., 0≤ z≤2B).

2.2. Receptor-mediated cell–protein binding

Active poly(amino acid) sites are identified by favourable protein
conformations within an aqueous layer on the surface of the rotating
plate (i.e., z=2B) that expose functional groups which participate in
interactions with cell receptors. Attachment of cell receptors to these
protein sites is described by the Fowler–Guggenheim modification of
the Sipps isotherm [10–12];

ΘCell = 1 − ΘVacant =
KCell Tð Þ ρCell½ �z=2B exp −φΘCellð Þ� �1=λ

1 + KCell Tð Þ ρCell½ �z=2B exp −φΘCellð Þ� �1=λ ð1Þ

where ΘCell represents the fraction of active sites occupied by cells,
ΘVacant is the vacant site fraction, ρCell is the local cell surface density
(i.e., mass of free and bound cells per unit area of protein-coated
surface), andKCell is the temperature-dependent adsorption–desorption
(i.e., association) equilibrium constant with dimensions of length
squared permass. The statistical thermodynamic derivation [11,12] of
Eq. (1) accounts for interactions between adsorbed cells on adjacent
active sites via the formation of receptor complexes. The cell–cell
interaction energy Ξ is negative to simulate chemical bonding, and
φ=Ξ/(kBoltzmannT). Cell–cell attraction and the formation of
chemical bonds between receptors (i.e., Ξb0, φb0) increases ΘCell

at the same cell mass density [13]. Hence, stronger chemical bonds
between adjacent receptors, due to the formation of receptor
complexes, and stronger cell–protein binding energies increase cell
fractional surface coverage. One recovers the Sipps isotherm from
Eq. (1) when the interaction energy between receptor complexes on
adjacent active sites vanishes (i.e., φ=0). The Sipps exponent (i.e.,
1/λ) on cell mass density in Eq. (1) corresponds to the Hill
coefficient. The Hill equation for protein–ligand binding [14], which
is mathematically similar to the Sipps isotherm in heterogeneous
catalysis, describes the equilibrium fraction of active protein sites
occupied by ligands (i.e., cell receptors). One recovers the Langmuir
isotherm when the Hill coefficient λ−1 is unity for non-cooperative
binding. Hill coefficients greater than unity (i.e., 0bλb1) correspond
to cooperative protein–cell binding, where protein conformational
changes occur after the first cell receptor docks to permit subsequent
docking with greater affinity.

2.3. Stress-free rate of nutrient consumption

Within reasonable physiological limits, a 4th-order stress-free
heterogeneous reaction rate for nutrient consumption is expressed in
terms of (i) nutrient and oxygenmass densities near the surface of the
rotating plate at z=2B, (ii) surface coverage fraction of cells on active
sites, ΘCell, which is related to cell mass density via Eq. (1), and
(iii) vacant site fraction,ΘVacant, which is required for cells to consume
nutrients aerobically and increase their mass density via chemisorp-
tion as a monolayer on the protein-active surface. Hence, the complex
stress-free rate of nutrient consumption, with dimensions of nutrient
mass per surface area per time, is;

−RA;SurfaceRx = kSurface ρNutrientf gz=2BfρOxygengz=2BΘCellΘVacant
ΘCell + ΘVacant = 1 ð2Þ
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Eq. (2) provides a mathematical representation of the rate of
nutrient consumption at the cell/aqueous-medium interface (i.e.,
z=2B). The analog in heterogeneous catalysis is a dual-site chemical-
reaction rate-controlling mechanism inwhich nutrients and dissolved
oxygen from the aqueous medium are consumed by protein-bound
cells such that nutrients and oxygen do not occupy active protein sites
on the surface of the rotating plate [3].

2.4. Stoichiometric requirements via bulk and surface diffusion

Surface diffusion [15] is invoked to describe cellmobilitywithin the
aqueous protein layer that coats the rotating plate, where cell receptor
diffusivities range from 10−9–10−10 cm2/s [16]. This phenomenon is
required to develop relations between nutrient mass density at the
cell/aqueous-medium interface and cell mass density on protein-
coated surfaces. One invokes a balance between diffusion and reaction
at the rotatingplate in the parallel-disk configuration.Nutrients diffuse
in the positive z-direction toward anchorage-dependent cells, as
specified by the rate of nutrient consumption. At steady state, this
nutrient balance is connected to the rate of cell proliferation, followed
by surface diffusion of newly produced biomass away from the site of
nutrient consumption. Surface diffusion is not a mechanism of cell
motility, but it provides a phenomenological description of cell
movement that is sufficiently general to include avariety of locomotive
mechanisms where cells respond to stimuli by altering their velocity
via stochastic fluctuations [17]. If angular symmetry is a reasonable
assumption, such that cell mass density in the aqueous protein coating
on the rotating plate is independent of the polar angle in cylindrical
coordinates, then the desired relation between nutrient diffusion in
the z-direction, within the mass transfer boundary layer, and surface
diffusion of adhered cells radially outward on the surface is given by;

− 1
eNutrient

DNutrient
AρNutrient

Az

� �
z=2B

=
1
2B

DCell

eCell

dρCell

dr

� �
ð3Þ

where εCell/εNutrient (i.e., ≈25%) represents the ratio of cell mass
produced relative to nutrient mass depleted during nutrient con-
sumption and cell proliferation, during nutrient consumption and cell
proliferation, because some nutrient consumption is channeled into
other products and metabolic activities not related to cell prolifera-
tion, such as energetic support for cell motility in the protein-coated
layer on the rotating surface. Viscous shear stresses cell motility in the
protein-coated layer on the rotating surface. Viscous shear stresses τzr
and τzΘ at the cell/aqueous-medium interface (i.e., z=2B) influence
cell motility along the surface. The appropriate use of cell surface
density ρCell in Fick's first law on the right side of Eq. (3) requires an
additional factor [i.e., the active-surface-area-to-volume ratio=1/
(2B)] because surface diffusional mass flux that incorporates ρCell in
Fick's law yields dimensions of mass per length-time. Analogous to Eq.
(3), there exists a relation between nutrient and oxygen diffusional
mass fluxes in the z-direction, evaluated near the active surface,
according to the cascade of physiological reactions that occur;

1
eNutrient

DNutrient
AρNutrient

Az

� �
z=2B

=
1

eOxygen
DOxygen

AρOxygen

Az

� �
z=2B

ð4Þ

Each side of Eq. (4), with dimensions of mass per area-time,
depends on radial position r at the surface of the rotating plate. Hence,
integration from the inlet where fresh nutrient feed enters the con-
figuration at r=Rinlet to any radial position r further from the rotation
axis (i.e., Rinlet≤ r≤RPlate) provides an approximation for the mass
density of oxygen near the active surface, which is required for
quantitative evaluation of the rate of nutrient consumption. Ordinary
molecular diffusion coefficients for nutrients and oxygen in the
aqueous medium scale inversely with the square-root of molecular
weight [18], εOxygen/εNutrient (i.e., ≈4%) represents the ratio of oxygen
mass depleted relative to nutrient mass depleted during nutrient
consumption, and within reasonable physiological limits, the inlet
mass density of dissolved oxygen is approximately 5–7% of the inlet
nutrient mass density. If the stoichiometry of oxygen-to-nutrient
consumption is affected when anchorage-dependent cells are sub-
jected to viscous shear, then the initial condition should consider this
modification to guarantee that a sufficient amount of oxygen is avail-
able for aerobic nutrient consumption.

2.5. Mathematically correct form of the coupling between scalar reaction
rates and the asymmetric velocity gradient tensor

It is necessary to address the correct quantitative construction of
nutrient consumption rates that are affected by viscous shear at the
cell/aqueous-medium interface. Mathematical inconsistencies must
be avoided if scalars and second-rank tensors are coupled via scalar
coupling coefficients, as required for isotropic systems. Hence, one
should employ a scalar invariant of the velocity gradient tensor in the
rate of nutrient consumption because these invariants of jv are
independent of the choice of the coordinate system used to express
this tensor [18]. If jv is denoted by g, and 2 other tensors are defined
by g2=g·g and g3=g·{g·g}=g·g2, then three independent scalar
invariants of the velocity gradient tensor are constructed by taking the
trace of g, g2, and g3 [18]. Shear elements are not included in Trace{g},
which is equivalent to ∇·v=0 for incompressible flow. Trace{g2}=
2g12g21=2[∇v]rΘ[∇v]Θr=−2Ω2 is the only nonzero scalar invariant
in this rotational bioreactor with creeping flow in two coordinate
directions and four non-zero elements of the velocity gradient tensor
on the surface of the rotating plate. Unfortunately, Trace{g2}=−2Ω2

contains no information about position-dependent shear that is
embedded in g31 and g32 {i.e., [∇v]zr and [∇v]zΘ via Eq. (6)}, as
discussed in the next section. Another possibility is to construct the
magnitude of the velocity gradient tensor, defined by the square-root
of the double-dot product of the velocity gradient tensor with the
transpose of the velocity gradient tensor [18];

Magnitude of the velocity gradient tensor; jjv j =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

jvf g : jvf gT
r

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

X
i;j

g2ij

vuut
ð5Þ

The factor of 0.5 under the square-root in Eq. (5) guarantees that the
magnitude of a symmetric 2nd-rank tensor reduces to its only inde-
pendent off-diagonal element when all other elements vanish. How-
ever, one must recognize that ∇v is not a symmetric 2nd-rank tensor.

2.6. Magnitude of the position-dependent velocity gradient tensor on the
surface of the rotating plate for 2-dimensional creeping flow

This bioreactor exhibits 2-dimensional creeping flow of a Newtonian
culture medium in the r- and Θ-directions [i.e., vr(r,z) and vΘ(r,z)], and
six non-zero elements of the velocity gradient tensor (i.e., rr, rΘ,Θr,ΘΘ,
zr, and zΘ elements of ∇v), in general [18]. Some of these scalar
elements of∇v vanish at the surface of the rotating plate (i.e., rr andΘΘ
elements of∇v vanish at z=2B), and two other shear elements of∇v do
not act across the flat surface at z=2B where cell receptors bind to
active protein sites (i.e., rΘ and Θr elements describe shear across
surfaces at constant r and constantΘ, respectively). The following ana-
lysis provides a reasonable estimate of the “shear rate” at z=2B. If the
“no-slip” condition is obeyed at the cell/aqueous-medium interface,
then an analysis of solid-body rotation at z=2B suggests that vΘ(r,z)=
rf(z), whereas the Equation of Continuity reveals that vr(r,z)=c(z)/r.
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The no-slip condition is used to calculate shear stress at the rotating
plate, and this is independent of how cells respond mechanically to
shear. If cells remain anchored to active protein sites, then there should
be no conflict between the no-slip condition and elastic cell response in
the presence of shear under creeping flow conditions [19]. One solves
the r- and Θ-components of the Equation of Motion independently to
obtain expressions for c(z) and f(z), respectively. Decoupled velocity
profiles for incompressible Newtonian fluids at low Reynolds numbers
[18] simultaneously satisfy the r- andΘ-components of the Equation of
Motion when forces due to convective momentum flux are negligible
and dependence on the polar angle is neglected via angular symmetry.
Four nonzero elements of the velocity gradient tensor, evaluated at
z=2B in cylindrical coordinates, are summarized in Eq. (6) when the
upper plate rotates at angular velocity Ω and the culture medium
flows radially outward between the plates with volumetric flowrate
QVolumetric;

vΘ r; zð Þ = Xr
z
2B

n o
vr r; zð Þ = 3QVolumetric

8πB2

z
r

2− z
B

n o

jv½ �rΘ
� �

z=2B =
AvΘ
Ar

� �
z=2B

= X; jv½ �Θr

� �
z=2B =

1
r
Avr
AΘ

− vΘ
r

� �
z=2B

= − X;

jv½ �zΘ
� �

z=2B =
AvΘ
Az

� �
z=2B

=
Xr
2B

; jv½ �zr
� �

z=2B =
Avr
Az

� �
z=2B

= − 3QVolumetric

4πB2r
:

ð6Þ

When homogeneous chemical reactions occur volumetrically
throughout the culture medium, all nonzero scalar elements of ∇v
contribute to stress-sensitive nutrient consumption. However, cell
receptors bind to active protein sites and the consumption of nutrients
is a surface-related process. Consequently, it is only necessary to consider
the zΘ- and zr-elements of ∇v that are operative across this active
surface (i.e., when the first subscript on ∇v is z). The magnitude of the
velocity gradient tensor on the surface of the rotating plate is modified in
Eq. (7) to reflect this fundamental difference between the effects of
viscous shear on homogeneous volumetric reactions vs. heterogeneous
surface reactions;

jjv rð Þ j z=2B =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

jvf g : jvf gT
r

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

X
i;j

g2ij

vuut Z
that act across

the surface at z¼2B

select nonzero
scalar elements

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

Xr
2B

� �2
+

3QVolumetric

4πB2r

� �2� �s

ð7Þ
2.7. Linear law for stress-dependent rates of nutrient consumption

If one focuses on fluxes and driving forces that appear as products
in the rate of entropy generation per unit volume sG for binary
mixtures, from the transport-phenomena-based equation of change
for fluid entropy [3];

sG =

− qConduction −
μA;ChemPotential

MWA
−

μB;ChemPotential

MWB

� �
jA;Diffusion

	 

•
1
T2 jT

− jA;Diffusion•
1
T

gB;ForceField − gA;ForceField
� �

+j
μA;ChemPotential

MWA
−

μB;ChemPotential

MWB

� �� �

− RA;SurfaceRx
1
T

μA;ChemPotential

MWA
−

μB;ChemPotential

MWB

� �

− τViscousStress :
1
T

jvf gVelocityGradientTensor

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

ð8Þ

then Curie's theorem suggests that the scalar flux −RA,SurfaceRx, better
known as the rate of nutrient consumption, with dimensions of
nutrientmass per surface area per time, should depend linearly on both
scalar and 2nd-rank tensor driving forces that appear on the right sides
of the 3rd and 4th lines of sG. If necessary, RA,SurfaceRx can be written in
pseudo-volumetric form via multiplication by the active-surface-to-
volume ratio of the bioreactor, =1/{2B}. For pseudo-binary systems
that are not far removed from equilibrium, the appropriate linear law
that satisfies Curie's restriction is written in the following form;

Generalized kinetic rate law for stress−sensitive nutrient consumption on active surfaces

− RA;SurfaceRx = nA1
1
T

μA

MWA
− μB

MWB

� �
+ nA2

1
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

jvf g : jvf gT
r

Onsagercoupling coefficients; nA1 and nA2

nA1 = αT; nA2 = γT

Nonlinear effects are included in the stress−free rate of nutrient consumption

− RA;SurfaceRx = kSurface ρNutrientf gz=2BfρOxygengz=2BΘCellΘVacant + γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

X
i;j

g2ij

s

gij = jvf gij−element in the 3×3 velocity gradient matrix evaluated at z=2B

ð9Þ

Nonlinearity has been introduced in the reaction rate expression by
focusing on the diagonal contribution due to stress-free chemical
kinetics, not the contribution from viscous stress at low shear rates in
the creeping flow regime. Hence, the diagonal (i.e., scalar) contribution
to the previous kinetic rate expression [i.e., Eq. (9)], based on differ-
ences between chemical potentials (i.e., the affinity), has beenmodified
via Eq. (2) which corresponds to a complex 4th-order stress-free non-
linear rate law for biochemical reactions. The linear cross-term should
be appropriate under low-shear conditions that are characteristic of
creeping flow. The form of Eq. (9) is sufficiently flexible to account for
viscous shear at the active surface that might change the reaction
pathway or the products of nutrient consumption if another parallel
pathway were equally important, relative to the stress-free kinetic
contribution. Furthermore, the stoichiometry of nutrient consump-
tion (i.e., mass of oxygen consumed per mass of nutrients consumed,
εOxygen/εNutrient, and mass of cells generated per mass of nutrients
consumed, εCell/εNutrient) might be different for stress-dependent rates
of nutrient consumption relative to the stress-free consumption rates.
Zeroth-order mechano-sensitive rates of nutrient consumption do not
require stoichiometry to quantify the kinetic rate expression, but the
initial condition should be modified to guarantee that a sufficient
amount of oxygen is available for aerobic nutrient consumption.

2.8. Mass transfer equation

Bioreactor performance is established by calculating the mass
density of nutrients from Eq. (10) that accounts for radial convection
and transverse diffusion at steady state. Nutrient consumption appears
in the boundary condition at z=2B. Ideal bioreactor analysis at large
mass transfer Peclet numbers in cylindrical coordinates, with negli-
gible radial diffusion compared to radial convection, is described by;

vr r; zð Þ AρNutrient

Ar
= DNutrient

A
2ρNutrient

Az2
ð10Þ

The axisymmetric nature of this bioreactor justifies the neglect of
tangential convective mass transfer of nutrients, even though vΘ≠0.
This is consistent with previous models of 3-dimensional flow in
rotational bioreactors [20]. Recently, microscopic convective diffusion
models of kidney transport have been developed to describe shear-
stress-mediated effects of blood flowon nitric oxide consumption [21].

2.8.1. Zeroth-order stress-sensitive rate of nutrient consumption on the
surface of the rotating plate

A qualitative description of the boundary conditions considers a
balancebetween the rate of nutrient transport toward theprotein-coated
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surface via molecular mass transfer and the rate of nutrient con-
sumption that contains stress-free and stress-dependent contributions.
The mathematical expression for this balance at z=2B is;

−DNutrient
AρNutrient

Az

� �
z=2B

= kcell;Surface ρNutrientf gz=2BfρOxygengz=2BΘCellΘVacant

+ γH ρNutrient r; z = 2Bð Þf g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

X
i;j

g2ij

s
ð11Þ

Both processes have dimensions of nutrientmass per area per time,
and the Onsager coupling coefficient γ has dimensions of nutrient
mass per area of active protein sites that exhibit the appropriate
conformation for receptor-mediated cell–protein binding. The stress-
dependent contribution to the rate of nutrient consumption in Eq. (11)
is classified as a zeroth-order reaction because it does not exhibit ex-
plicit dependence on the mass density of any species. However, this
term must be extinguished when nutrients are not available for
immediate consumption by anchorage-dependent cells due to
extreme diffusion-limited conditions in the mass transfer boundary
layer near z=2B. Heaviside step functions, H{ρNutrient (r,z=2B)}, are
employed in the reaction/diffusion boundary condition to terminate
the stress-dependent contribution to nutrient consumption when
reaction is sufficiently faster than diffusion in the z-direction at large
Damköhler numbers. Three additional factors that contain step
functions are included in the dimensionless form of Eq. (11) to account
for the absence of (i) cells and vacant sites on the active surface, and
(ii) oxygenwithin the cells after a reasonable time lag when anaerobic
proliferation is no longer feasible. Computations that exclude step
functions in the stress-dependent contribution to nutrient consump-
tion are vulnerable to the prediction of unrealistic negative species
concentrations at the active boundary. Zero-flux is invoked on the
surface of the stationary plate, which does not contain an aqueous
protein coating or chemisorbed cells, so nutrient consumption does
not occur at z=0.

2.9. Dimensionless equations for 2-dimensional creeping flow in the
parallel-disk configuration with stress-sensitive rates of nutrient
consumption on the surface of the rotating plate

2.9.1. Dimensionless variables and parameters for nth-order irreversible
chemical kinetics

These design equations include radial convection, transverse
diffusion in the z-direction, and simple nth-order rates of nutrient
consumption that depend on nutrient mass density near the surface of
the rotating plate. The problem description contains three important
dimensionless parameters; (i) the mass transfer Peclet number, PeMT

(i.e., rate of convectivemass transfer divided by rate of molecularmass
transfer), (ii) the ordinary Damköhler number, β0,nth-order, for stress-
free heterogeneous nutrient consumption (i.e., stress-free consump-
tion rate divided by rate of molecular mass transfer), and (iii) the
stress-sensitive Damköhler number βStress for viscous-shear-
enhanced nutrient consumption at the cell/aqueous-medium bound-
ary (i.e., stress-dependent consumption rate divided by the rate of
nutrient diffusion toward anchorage-dependent cells). A factor of 2B
in the dimensional scaling factor for cell mass density represents the
volume-to-active-surface-area ratio of the rotational bioreactor,
where the active surface describes the surface area of the rotating
plate that contains bound cells. The factor of 2B is required because
nutrient mass density is volumetric within the aqueous medium,
whereas cell mass density is a surface-related concentration within
the aqueous protein coating on the rotating plate. The steady angular
velocity Ω of the rotating plate is a convenient experimental variable
that allows one to perform systematic parametric sensitivity simula-
tions based on the stress-sensitive Damköhler number, βStress, defined
in terms of the steady-shear magnitude of the velocity gradient tensor
at the outer edge of the rotating plate, with no angular velocity modu-
lations [i.e., A=0]. If the thickness between the plates (i.e., 2B=vo-
lume-to-active-surface-area ratio) is chosen as the characteristic length
to dimensionalize the radial r and axial z spatial variables, then;
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2.9.2. Dimensionless mass transfer equation
In the creeping flow regime at large mass transfer Peclet numbers,

the partial differential equationwith variable coefficients that must be
solved for dimensionless nutrient mass density is;

6PeMT
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η

1− ζð Þ AWNutrient

Aη
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A
2WNutrient

Aζ2
ð13Þ

The radial derivative (i.e., with respect to r, or η) is written using
first-order-correct finite differences, whereas diffusion toward active
protein sites on the rotating plate [i.e., 2nd-derivative with respect to
z, or ζ, on the right side of Eq. (13)] is implicit at the new radial
position using second-order-correct finite-difference analogs. If 2B is
employed as the characteristic length for PeMT in Eq. (12), then an
additional multiplicative factor of RPlate/2B must be included on the
left side of Eq. (13).

2.9.3. Separability of the mass transfer equation
It is possible to identify the nature of the radial and axial functions

[i.e., F(η) and G(ζ), respectively] that represent a separation-of-
variables solution to Eq. (13), prior to generating numerical results. If
ΨNutrient (η,ζ)=F(η)G(ζ), then the dimensionless mass transfer equa-
tion reveals that;

d lnF
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where χ is real such that−χ2 is a negative separation constantwhich
prevents F(η) from increasing unrealistically in unbounded fashion at
large radial positions from the center of the rotating plate. G(ζ) is
given by a linear combination of Parabolic Cylinder functions, also
known as Weber functions, that represent the solution to Weber's
differential equation.

2.9.4. Dimensionless boundary conditions and magnitude of the velocity
gradient tensor

Both types of Damköhler numbers appear in the reaction/diffusion
boundary condition at z=2B, where cell receptors bind to active



Fig. 2. Radial dependence of the magnitude of the dimensionless velocity gradient
tensor Γ(η) in the creeping flow regime, via Eq. (15), experienced by cells chemisorbed
on the surface of the rotating plate at z=2B. Residence time τResidence increases from
the uppermost curve to the lowermost curve. All four curves converge at large radial
position and scale linearly with η (i.e., exhibit positive linear dependence) due to
tangential shear (i.e., [∇v]zΘ) at z=2B via rotation of the upper plate.

145L.A. Belfiore et al. / Biophysical Chemistry 141 (2009) 140–152
protein sites. For simple nth-order stress-free kinetics that depend
only on nutrient mass density at the cell/aqueous-medium interface,
the appropriate boundary conditions are;
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The position-dependent magnitude of the dimensionless velocity
gradient tensor on the surface of the rotating plate, defined by Γ(η) in
Eq. (15), is illustrated in Fig. 2. The bioreactor inlet tube is designed
with assistance from the graphs in Fig. 2 by selecting Rinlet/2B≈5 and
400 s≤ τResidence≤800 s such that anchorage-dependent cells
attached to the rotating plate near Rinlet do not experience signifi-
cantly large shear rates, partly due to entrance effect that might
induce cell detachment from the surface.

All parameters employed in Fig. 2 are consistent with the creeping
flow assumption, as verified in the next section. The position-
dependent magnitude of the velocity gradient tensor, which appears
in the stress-sensitive rate of nutrient consumption on the surface of
the rotating plate, has been modified by selecting only those elements
that act across the surface at z=2B [i.e., see Eq. (7)], and
dimensionalized as follows;
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2.9.5. Verification of the creeping flow assumption
For 2-dimensional creeping flow, it seems reasonable to use the

product of the characteristic length (i.e., gap thickness between the
two plates, 2B) and the magnitude of the velocity gradient tensor
evaluated at the outer edge of the rotating plate, via Eq. (5) instead of
Eq. (7) or (16), as an order-of-magnitude estimate of the fluid's average
velocity in the construction of the Reynolds number, Re. Since there
are four non-zero elements of the velocity gradient tensor on the
surface of the rotating plate, given by Eq. (6), one obtains the
following expression for Re that identifies upper limits on geometric
and flow parameters to satisfy the creeping flow assumption;
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Another construction of Re that employs the magnitude of
the velocity vector via the average radial velocity at r=RPlate and
the tangential velocity at the outer edge of the rotating plate
yields;
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For concentrated nutrientmedia that are approximately 5-foldmore
viscous thanwater at ambient temperature (i.e., μ/ρ≈5×10−2 cm2/s),
gap thickness (i.e., 2B) of 0.5 mm, plate diameter of 5 cm (i.e., RPlate/
2B=50), angular velocityof 4 rpm, and residence timeof400 s, Eqs. (17)
and (18) yield Reynolds numbers of 0.74 and 1.05, respectively.

2.9.6. Modified equations for nutrient consumption at the surface of the
rotating plate via complex kinetics

It is necessary to modify the stress-free Damköhler number and
the reaction/diffusion boundary condition at z=2B when the
physiological aspects of heterogeneous nutrient consumption and
subsequent cell proliferation are included in this analysis. All of the
other equations remain unchanged, but a few additional parameters
are required to characterize the inlet conditions at r=Rinlet, diffusivity
ratios, association equilibrium constant for receptor-mediated cell–
protein binding, and the cell–cell energy of attraction when receptors
on adjacent protein sites form receptor complexes. If the stress-free
rate of aerobic nutrient consumption by cells adhered to active protein
sites on the surface of the rotating plate is;

−RA;SurfaceRx = kcell;Surface ρNutrientf gz=2BfρOxygengz=2BΘCellΘVacant ð19Þ

with dimensions of nutrient mass per area-time, then the dimension-
less diffusion/reaction boundary condition at z=2B, dimensionless
kinetic rate law R⁎Nutrient, stress-free Damköhler number β0,Cells, and
nutrient/cell diffusion coefficient ratio δDiffusivity are defined in
Eq. (20). Four Heaviside step functions exclude the stress-sensitive
zeroth-order reaction rate from the boundary condition on the
rotating plate when nutrients and oxygen do not exist within cells



Fig. 4. Dimensionless bulk nutrient mass density profiles in continuous-flow rotational
bioreactors at various stress-sensitive Damköhler numbers with 2nd-order irreversible
stress-free nutrient consumption that depends only on nutrient mass density near the
surface of the rotating plate. The legend should be interpreted as the ratio of the stress-
sensitive Damköhler number to the stress-free Damköhler number. This ratio increases
from the uppermost curve to the lowermost curve,with no angular velocitymodulations
(i.e., A=0). Parameters: dimensionless step size in the z-direction, Δζ=0.010;
dimensionless step size in the radial direction, Δη=0.288 (i.e., Δr/RPlate≈5.77×10−3).
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under extreme diffusion-limited conditions. These step functions
stipulate that cells and vacant cites must be present when aerobic
proliferation is stimulated by viscous shear.
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The dimensionless temperature-dependent association equili-
brium constant κAssociation that characterizes receptor-mediated cell–
protein interactions is;

κAssociation = 2BKCellρNutrient;Bulk r = Rinletð Þ ð21Þ

2.10. Evaluation of bioreactor performance

The most effective bioreactor design depletes nutrients and
proliferates cells most rapidly under physiological conditions, yielding
the smallest bulk nutrient mass density at radial position r, averaged
over the cross-sectional area for radial flow (i.e., dSCross-Sec-
tion=2πrdz). The velocity-weighted bulk nutrient mass density is
defined as follows;
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Numerical solutions of Eq. (13) are employed to calculateρNutrient,Bulk
via Eq. (22). Results are presented in Figs. 3–5,8. If the separation-of-
Fig. 3. Dimensionless bulk nutrient mass density profiles in continuous-flow rotational
bioreactors at various stress-sensitive Damköhler numbers with 1st-order irreversible
stress-free nutrient consumption that depends only on nutrient mass density near the
surface of the rotating plate. The legend should be interpreted as the ratio of the stress-
sensitive Damköhler number to the stress-free Damköhler number. This ratio increases
from the uppermost curve to the lowermost curve, with no angular velocity modu-
lations (i.e., A=0). Parameters: dimensionless step size in the z-direction, Δζ=0.010;
dimensionless step size in the radial direction, Δη=0.288 (i.e., Δr/RPlate≈5.77×10−3).
variables solution forΨNutrient(η,ζ), given by Eq. (14), is valid, then bulk
nutrient mass density [i.e., Eq. (22)] scales as exp(−η2/PeMT).
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2.11. Computer simulations

2.11.1. Effect of the stress-sensitive Damköhler number on
nutrient consumption for first-order and second-order irreversible
stress-free kinetics

Bulk nutrient mass density profiles as a function of distance r from
the rotation axiswere generated at constant values of themass transfer
Peclet number (i.e., PeMT=ReSc=950) and stress-free Damköhler
number (i.e., β0,nth-order=0.5). For stress-free nth-order irreversible
chemical kinetics (i.e., n=1,2), this combination of PeMT and β0,nth-

order corresponds to the following relation between nutrient residence
time τResidence and the characteristic time constant for nth-order
chemical reaction ωChemicalRx;

PeMT
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=
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RPlate
2B

n o2

2τResidence
= 1900 ð24Þ

where τResidence and ωChemicalRx (i.e., for simple nth-order nutrient
consumption) are defined as;

τResidence =
2πBR2

Plate

QVolumetric
; ωChemicalRx =

2B
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n on−1
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Rotation of the upper plate does not affect the residence time
because τResidence is based on replenishment of the total volume



Table 1
Tubular and rotational bioreactor parameters that yield equivalent stress-free nutrient
consumption in the exit stream via simple nth-order and complex kinetics.

Parameters Tubular bioreactor
1-d laminar flow [22]

Rotational bioreactor
2-d creeping flow

Mass transfer Peclet number 50 950
Stress-free Damköhler number 1 0.5
Length scale ratio LPFR/Rwall=20 RPlate/{2B}=50
Time constant ratio τResidence/

ωChemicalRx=0.80
τResidence/
ωChemicalRx=0.66

Stress-free nutrient conversion;
1st-order kinetics (i.e., n=1)

43% 42%

Stress-free nutrient conversion;
2nd-order kinetics (i.e., n=2)

33% 34%

Stress-free nutrient conversion;
complex heterogeneous kinetics

b1% b1%

Tubular bioreactor parameters are defined above in Eq. (26) for simple nth-order
kinetics, and the corresponding rotational bioreactor parameters are defined above via
Eqs. (12), (24), and (25).
See the caption to Fig. 5 for numerical values of all rotational bioreactor parameters
when the complex stress-free rate of nutrient consumption is given by Eq. (19).

Fig. 5. Dimensionless bulk nutrient mass density profiles in continuous-flow rotational
bioreactors at various stress-sensitive Damköhler numbers with complex rates of
stress-free nutrient consumption. The % steady shear indicated in the legend should be
interpreted as the ratio of the stress-sensitive Damköhler number to the stress-free
Damköhler number. This ratio increases from the uppermost curve to the lowermost
curve, with no angular velocity modulations (i.e., A=0). Parameters; mass transfer
Peclet number=200; stress-free Damköhler number=2.5; steady angular velocity of
rotating plate=4 rpm; residence time=400 s; dimensionless step size in the z-
direction, Δζ=0.010; dimensionless step size in the radial direction, Δη=0.292 (i.e.,
Δr/RPlate≈5.84×10−3); Hill coefficient, 1/λ=1; association equilibrium constant for
receptor-mediated cell–protein binding, κAssociation=0.50; cell–cell attractive interac-
tion energy, φ=−0.50; nutrient molecular weight=1000 Da; nutrient-cell diffusivity
ratio, δDiffusivity=DNutrient/DCell=3; inlet mass ratio of oxygen to nutrients, ρOxygen
(r=Rinlet)/ρNutrient(r=Rinlet)=0.07 (i.e., 7%); mass ratio of cells seeded on the surface
of the rotating plate at r=Rinlet to nutrients in the inlet stream, ρCell(r=Rinlet)/
{2BρNutrient(r=Rinlet)}=0.10 (i.e., 10%); ratio of mass of oxygen consumed to mass of
nutrients consumed by cells adhered on protein-coated surface, εOxygen/εNutrient=0.04
(i.e., 4%); ratio of mass of cells produced tomass of nutrients consumed by cells adhered
on protein-coated surface, εCell/εNutrient=0.25 (i.e., 25%).
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of fluid in the bioreactor via volumetric flowrate QVolumetric, not
simply the time required for fluid parcels to travel from Rinlet to Routlet
via streamlines that exhibit more spiral-like characteristics at
higher angular velocity Ω. When the upper limit of the dimen-
sionless radial coordinate is RPlate/{2B}=50 on the right side of
Fig. 3 for 1st-order stress-free kinetics, this corresponds to a residence
time τResidence that is ≈66% of the characteristic time constant for
chemical reaction, ωChemicalRx. The shape of these bulk nutrient mass
density profiles, given by Eq. (23), depends strongly on the fact that
position-dependent (i) shear, described by Γ(η), and (ii) active
differential surface area for anchorage-dependent cells increase
linearly at larger distances r from the rotation axis. The critical
stress-sensitive Damköhler number is slightly larger than 20% of
the stress-free Damköhler number in Fig. 3, certainly less than 40% of
β0, 1st-order.

Reasonable stress-free nutrient consumption (i.e., ≈42%) by
anchorage-dependent cells is predicted for 1st-order kinetics in Fig. 3
when RPlate/{2B}=50 and τResidence≈0.66ωChemicalRx. This outlet con-
version for 2-dimensional creeping flow rotational bioreactors matches
the predictions for stress-free nutrient consumption in 1-dimensional
laminar flow tubular bioreactors [22] when the important time
constants and dimensionless numbers assume the numerical values
summarized in Table 1. If the gap thickness (i.e., 2B) between the
stationaryand rotating plates, insteadof the outer plate radius, is used to
define PeMT in this rotational bioreactor investigation, then approxi-
mately 42% stress-free nutrient consumption via 1st-order kinetics is
achieved when (i) PeMT/β0,1st-order≈38 with τResidence≈0.66ωChemicalRx

for position-dependent steady shear in 2-dimensional creeping flow
rotational bioreactors, and (ii) PeMT/β0,1st-order≈50 with τResidence≈
0.80ωChemicalRx for constant shear in 1-dimensional laminar flow
tubular bioreactors.

Tubular Bioreactor Parameters
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For 2nd-order irreversible stress-free kinetics, the time constant
ratios and dimensionless parameters summarized in Table 1 yield
≈33–34% nutrient consumption in both types of bioreactors. Less
nutrient consumption is predicted for stress-free 2nd-order irrever-
sible kinetics in Fig. 4 relative to stress-free 1st-order kinetics in Fig. 3.
This occurs because only one event is required for stress-free
consumption via 1st-order kinetics, based on the presence of nutrients
near the surface of the rotating plate where anchorage-dependent
cells are bound to active protein sites. Two events must occur
simultaneously for stress-free consumption via 2nd-order kinetics.
Even though the critical Damköhler number is reported rather
subjectively for 1st-order nutrient consumption in Fig. 3, bulk nutrient
mass density profiles seem to be outside of the range of experimental
uncertainty when the stress-sensitive Damköhler number is slightly
larger than 20% of the stress-free Damköhler number. A similar
conclusion is obtained for simple 2nd-order kinetics in Fig. 4. Except
for reaction order n, all other dimensionless parametric values are
identical in Fig. 3 (i.e., n=1) and Fig. 4 (i.e., n=2).

2.11.2. Complex rates of stress-free nutrient consumption
These simulations require the declaration of several dimensionless

parameters, due to the complexity of the kinetic rate law that
describes stress-free nutrient consumption. The last entry in Table 1
reveals that it is necessary to increase the ratio of the stress-free
Damköhler number relative to the mass transfer Peclet number from
≈0.05% in Figs. 3 and 4, to N1% in Fig. 5, to achieve reasonable con-
version of nutrients when the upper limit of the dimensionless radial
coordinate is RPlate/{2B}=50 on the right side of the graph in Fig. 5.
Bulk nutrient mass density profiles in Fig. 5 suggest that the system is
extremely sensitive to viscous shear at the cell/aqueous-medium
interface when stress-free nutrient consumption is modelled as a
cascade of four sequential events, according to Eq. (19). Qualitative
inspection suggests that the critical stress-sensitive Damköhler
number in Fig. 5 corresponds to 0.5–1% steady shear. Recent studies



Table 2
Tubular and rotational bioreactor parameters that yield equivalent stress-free nutrient
consumption in the exit stream via complex heterogeneous kinetics.

Parameters Tubular bioreactor
1-d laminar flow [22]

Rotational bioreactor
2-d creeping flow

Mass transfer Peclet number 10 200
Stress-free Damköhler number 5 2.5
Length scale ratio LPFR/Rwall=20 RPlate/{2B}=50
Time constant ratio τResidence/ωChemicalRx=20 τResidence/ωChemicalRx≈16
Stress-free nutrient conversion ⁎⁎15% 16%

See the caption to Fig. 5 for numerical values of all rotational bioreactor parameters
when the stress-free rate of nutrient consumption is given by Eq. (19).
⁎⁎Due to a computational error, predictions of stress-free nutrient consumption via
complex heterogeneous kinetics have been overestimated in Fig. 4 of reference [22].
Based on the parameters in Table 2 for tubular bioreactors, correct predictions of viscous
shear on nutrient consumption at the tube outlet are summarized as follows; 0.25%
steady shear yields 22% nutrient conversion, 0.50% steady shear yields 28% conversion,
and 1% steady shear yields 38% conversion. All of these predictions have been
overestimated in Fig. 4 of reference [22], but the trends are correct.
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of fluid flow in and around 3-dimensional scaffolds, with average
velocities between 10−3 cm/s and 10−2 cm/s that correspond to
maximum wall shear stresses on the order of 3×10−2 Pa, describe
extensive proliferation of osteoblast-like cells [23]. Time constant
ratios and dimensionless parameters for tubular and rotational
bioreactors are summarized in Table 2 to achieve equivalent stress-
free nutrient consumption in the exit stream via complex cell-based
kinetics.

2.12. Non-reversing dynamic shear via modulated rotation of the upper
plate at z=2B with 2-dimensional creeping flow

Unidirectional oscillatory motion of the rotating plate simulates
pulsatile stress on anchorage-dependent cells. The strategy to
introduce physiological viscous shear into rotational bioreactors is
accomplished by adding a dynamic component to steady shear [24]
such that the time-dependent unidirectional angular displacement
ϕ(t) and non-reversing angular velocity dϕ/dt of the rotating plate
are expressed as follows;
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where frequency ωHeart=2πυHeart (i.e., υHeart≈1 cycle/s) is the
dominant frequency in the power spectrum when one considers the
coupling between cardiac and respiratory oscillators superimposed on
random noise [25]. The volume of blood displaced per heartbeat is
proportional to the peak-to-peak amplitude A ([=] radians/second) of
dynamic angular velocity modulations [26], superimposed on steady
shear due toΩ. The upper limit of the peak-to-peak amplitude of these
modulations (i.e., A≈0.42 rad/s) is limited by the requirement to
maintain creeping flow [see Eq. (33) and Table 3]. Unidirectional
motionof the rotating plate is guaranteedby the functional formof dϕ/
dt in Eq. (27). Hence, anchorage-dependent cells always experience
tangential viscous shear forces in the positive tangential direction in
cylindrical coordinates (i.e., Θ-direction). Recent studies of steady,
Table 3
Dependence of the Reynolds number for 2-dimensional flow in rotational bioreactors
on the peak-to-peak amplitude A of angular velocity modulations for the tangential
velocity component vΘ.

A [rad/s] 0 0.25 0.42 0.50 0.75 1.00
Reynolds # 1.05 1.36 1.57 1.67 1.98 2.30

Parameters; 2B=0.5 mm, RPlate=2.5 cm, Ω=0.42 rad/s, ωHeart=2π rad/s, τ-
Residence=400 s, μ/ρ=5×10−2 cm2/s.
pulsatile, and oscillatory fluid flow in perfusion bioreactors [27]
suggest that osteoblasts are stimulated and cell viability is maintained
when the peak-to-peak amplitude of the time-dependent flowrate is
similar in magnitude to the steady flowrate, at 1 or 2 Hz. These
conditions are employed in Fig. 6, such that A≈Ω at 1 Hz.

This dynamic rotational bioreactor exhibits similarities to pulsatile
flow and unidirectional viscous shear in tubes. The combination of
steady and dynamic rotation of the solid plate at z=2B induces
tangential fluid motion via Eq. (28);

vΘ r; z; tð Þ = f rð Þg zð Þd/
dt

ð28Þ

where f(r) and g(z) have been discussed earlier via Eq. (6), assuming
that the upper plate is in a state of pure rotation. Unless one seeks
viscoelastic information associated with harmonic motion of the
rotating plate, it is not necessary to describe modulations in angular
displacement, angular velocity of the rotating plate, or the tangential
linear fluid velocity component via exp{iωt}, with subsequent analysis
of the real and imaginary responses. Hence, dynamic fluid motion
with continuous radial flow that simulates physiological viscous shear
is described as follows;

vΘ r; z; tð Þ = rz
2B

X + A sin2 1
2
ωHeartt

	 
� �

vr r; zð Þ = 3QVolumetric

8πB2

z
r

2− z
B

n o
hvr r = RPlateð Þi = QVolumetric

4πBRPlate

ð29Þ

The functions described by Eqs. (27)–(29) satisfy all components of
the creeping flow Equation of Motion, and the important boundary
condition on the surface of the rotating plate. The viscous nature of the
nutrient medium will introduce an oscillatory time lag in response to
the harmonic disturbance that could be quantified via implementation
of the “exp{iωt}-method” and consideration of ρ∂vΘ/∂t on the left side
of the Θ-component of the Equation of Motion. The importance of
ρ∂vΘ/∂t relative to viscous forces due to τzΘ (i.e., oscillatory forces that
produce an accumulation of momentum relative to forces due to
viscous momentum flux) scales as the product of the Reynolds and
Strouhal numbers, which reduces to 4ωB2/(μ/ρ)≈0.1π for this rota-
tional bioreactor using the parameters described in the footnote to
Table 3 (i.e., volume-to-active-surface-area=2B, is chosen as the char-
acteristic length). Modulations in the angular velocity of the rotating
Fig. 6. Time-dependent angular displacement ϕ(t) and angular velocity dϕ/dt of the
rotating plate at z=2B, simulating pulsatile flow in rotational bioreactors that exhibit
steady and dynamic shear. Parametric values;Ω≈0.42 rad/s (i.e., 4 rpm),ωHeart=2π rad/
s, peak-to-peak amplitude of angular velocity modulations A=0.42 rad/s.



Fig. 7. Effect of the amplitude of peak-to-peak angular velocitymodulations A on the time-
averaged position-dependent magnitude of the dimensionless velocity gradient tensor
experienced by cells attached to the surface of the rotating plate at z=2B. This peak-to-
peak amplitude A increases from the lowermost curve to the uppermost curve. Parametric
values; Ω≈0.42 rad/s (i.e., 4 rpm), ωHeart=2π rad/s, residence time τResidence=400 s,
Rinlet/2B=5, Routlet/2B=50.

Fig. 8. Dimensionless bulk nutrient mass density profiles in continuous-flow rotational
bioreactors that include the effects of steady and time-averaged non-reversing dynamic
shear in the reaction/diffusion boundary condition on the surface of the rotating plate
at z=2B. Stress-free nutrient consumption follows 1st-order irreversible kinetics that
depend only on nutrient mass density at the surface of the rotating plate. The legend
should be interpreted as the ratio of the stress-sensitive Damköhler number to the
stress-free Damköhler number, and this ratio increases from the uppermost curve to the
lowermost curve. The effect of non-reversing dynamic shear superimposed on steady
shear is operative when the peak-to-peak amplitude A of angular velocity modulations
at 1 Hz matches the magnitude of steady shear (i.e., A=Ω). Predictions for 50% steady
shear with angular velocity modulations are barely visible above the predictions for 80%
steady shear without angular velocity modulations. Parameters: dimensionless step
size in the z-direction, Δζ=0.010; dimensionless step size in the radial direction,
Δη=0.288 (i.e., Δr/RPlate≈5.77×10−3).
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plate affect the rΘ-, Θr-, and zΘ-elements of the velocity gradient
tensor, according to Eq. (30);

jv½ �zr
� �

z=2B =
Avr
Az

� �
z=2B

= − 3QVolumetric

4πB2r

jv½ �zΘ
� �

z=2B =
AvΘ
Az

� �
z=2B

=
r
2B

X + A sin2 1
2
ωHeartt

	 
� �

jv½ �rΘ
� �

z=2B =
AvΘ
Ar

� �
z=2B

= X + A sin2 1
2
ωHeartt

	 


jv½ �Θr

� �
z=2B =

1
r
Avr
AΘ

− vΘ
r

� �
z=2B

= − X − A sin2 1
2
ωHeartt

	 

ð30Þ

The fluctuating position-dependent magnitude of the velocity
gradient tensor in Eq. (31) selects only those elements that act across
the surface where cells are attached;

jjv r; tð Þ j z=2B =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

jvf g : jvf gT
r

Z
that act across

the surface at z¼2B

select nonzero
scalar elements

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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ð31Þ

Steady and dynamic rotation of the upper plate must be restricted
to ensure that the creeping flow requirement is satisfied at z=2B and
r=RPlate. Upon implementing a time-averaging procedure over one
cycle of angular velocity modulations to estimate the tangential
velocity component, the Reynolds number is constructed in terms of
the magnitude of the velocity vector;

Re =
ρ
μ
2B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hvr r=RPlateð Þi2 +

ωHeart

2π

Z 2π
ωHeart

0
v2Θ r = RPlate; z = 2B; tð Þdt

s

ð32Þ

Table 3 summarizes the effect of the peak-to-peak amplitude of
angular velocity modulations in vΘ via Eq. (29) on the Reynolds
number in Eq. (32).

Hence, one predicts Reynolds numbers on the order of unity when
the peak-to-peak amplitude A of angular velocity modulations at 1 Hz
is the same as the magnitude of the angular velocity for steady
rotation (i.e., Ω=0.42 rad/s).
2.13. Dynamic bioreactor analysis via time-averaging of the periodic
boundary condition on the surface of the rotating plate at z=2B

Modulations of the rotating plate that simulate physiological
viscous shear introduce time dependence into (i) the magnitude of
the velocity gradient tensor, as given by Eq. (31), and (ii) the reaction/
diffusion boundary condition at the active surface. Unless one
considers ∂ρNutrient/∂t in Eq. (10), there is no explicit time dependence
in the mass transfer equation because the tangential velocity
component (i.e., vΘ) does not contribute to convective transport as a
consequence of angular symmetry, effectively eliminating angular
coordinate Θ as an independent variable [20] in this analysis. The
position-dependent magnitude of the dimensionless velocity gradient
tensor on the surface of the rotating plate is time-averaged over one
cycle of oscillation in Eq. (33), retaining contributions from angular
velocity modulations in this bioreactor simulation of cardiovascular
dynamics [26]. All of the required boundary conditions for simple nth-
order nutrient consumption are summarized below,

WNutrient = 1@η = ηstart;0 V ζb1
AWNutrient

Aζ

� �
ζ=0

= 0

− AWNutrient
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� �
ζ=1

= β0;nth−orderW
n
Nutrient η; ζ = 1ð Þ + H WNutrient η; ζ = 1ð Þf gβStresshC η; tð Þitime−averaged

hC η; tð Þitime−averaged =
hjjv r; tð Þj z=2Bitime−averaged

jjv r=RPlate;A=0ð Þ j z=2B
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Z2πω
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2
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dt
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3
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The radial dependence of bΓ(η,t)Ntime-averaged from inlet to outlet of
the parallel-disk configuration is illustrated in Fig. 7 under creeping
flow conditions.
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Relative to position-dependent steady-shear conditions in the
lowermost curve of Fig. 7, the magnitude of the time-averaged “shear
rate” experienced by cells attached to the rotating plate increases by
approximately 50% when the peak-to-peak amplitude A of angular
velocity modulations matches the steady-shear angular velocity of
0.42 rad/s.

2.14. Effect of steady and non-reversing dynamic shear on nutrient
consumption via first-order stress-free kinetics

Bulk nutrientmass density profiles,with andwithout dynamic shear
induced by angular velocity modulations of the upper plate, are
illustrated in Fig. 8 as a function of dimensionless radial position,
η=r/{2B}, from the rotation axis for 1st-order stress-free nutrient
consumption. The analogous profiles in Fig. 3 without dynamic shear
suggest that the critical stress-sensitive Damköhler number is approxi-
mately 25% of the stress-free Damköhler number.

Nutrient profiles with and without dynamic shear in Fig. 8 are
essentially indistinguishable when the stress-sensitive Damköhler
number is only 20% of the stress-free Damköhler number. However,
significantly increased nutrient consumption occurs in the presence of
dynamic shear when the stress-sensitive Damköhler number is either
50% or 80% of the stress-free Damköhler number. When the peak-to-
peak amplitude A of angular velocity modulations is similar to the
steady shear angular velocity Ω, one concludes that the effect of time-
averaged non-reversing dynamic shear in these 2-dimensional
creeping flow rotational bioreactors is not significant unless one is
above the critical value of the stress-sensitive Damköhler number that
has been identified under steady shear conditions.

2.15. Unusual characteristics of this bioreactor analysis

There are several aspects of this investigation that deviate
significantly from the traditional design of ordinary chemical reactors.
(1) Kinetic rate expressions that describe nutrient consumption are
modified for stress-sensitive reactions, based on the formalism of
scalar cross-phenomena in the thermodynamics of irreversible
processes. (2) The adsorption isotherm for receptor-mediated cell
binding to protein-coated surfaces, based on cell mass density in the
vicinity of the active surface rather than in themass transfer boundary
layer or in the bulk aqueous medium, is modified to account for
attraction between cells on adjacent protein sites and the formation of
receptor complexes. (3) Since stress-enhanced nutrient consumption
occurs at the cell/aqueous-medium interface, only those elements of
the velocity gradient tensor, [jv]zr and [∇v]zΘ, that act across the
surface of the rotating plate are included in the stress-sensitive
reaction rate. (4) Stress-sensitive zeroth-order contributions to the
rate of nutrient consumption are quenched via Heaviside step
functions when cells are starved of either nutrients or oxygen due to
extreme diffusion-controlled conditions within the mass transfer
boundary layer adjacent to the active surface. (5) Surface diffusion of
newly produced biomass within the aqueous protein coating on the
rotating plate, strongly influenced by viscous shear in the radial
direction, is invoked to relate cell mass density on the surface to
nutrient mass density in the mass-transfer boundary layer adjacent to
the rotating plate. (6) Angular symmetry is invoked to neglect
convective mass transfer in the Θ-direction, even though there is a
significant contribution to tangential flow via rotation of the upper
plate. (7) Non-reversing angular velocity modulations of the upper
plate simulate pulsatile cardiovascular flow and introduce time-
dependence in the reaction/diffusion boundary condition at the active
surface that has been averaged over one cycle of oscillation. (8) The
complete problem description is developed in terms of mass density,
not molar density, because cell physiology and the cascade of events
that describe nutrient consumption are treated phenomenologically
via the analogy with heterogeneous catalysis.
3. Conclusions

Theoretical analysis and computer simulations of continuous-flow
rotational bioreactors at low Reynolds numbers are described from
the viewpoint of stress-free and stress-sensitive nutrient consump-
tion. Estimates of the mass of biomass produced per total mass of
nutrients consumed (i.e., εCell/εNutrient≈25%) are reasonable, based
on experimental data for several glucose-fed micro-organisms
[28,29]. All microscopic solutions that were generated in this
investigation exhibit internal self-consistency and satisfy a quasi-
macroscopic version of the nutrient mass balance to within 0.1%, via
the ratio of the left-side to the right-side of the following equation that
is applicable for incompressible fluids with constant physical proper-
ties at high mass transfer Peclet numbers, such that radial diffusion is
negligible relative to convective transport of nutrients in the radial
direction;

−
dWNutrient;Bulk

dη
=

η
PeMT

β0;CellsR
4
Nutrient η; ζ = 1ð Þ+ βStresshC η; tð Þitime−averaged

h i
ð34Þ

The dimensionless magnitude of the position-dependent velocity
gradient tensor at the cell/aqueous-medium interface (i.e., Γ) is
calculated via Eq. (15) for steady rotation and Eq. (33) when
modulated rotation of the upper plate is implemented to simulate
pulsatile cardiovascular viscous shear at physiological frequencies.
These rotational bioreactors must operate above the critical stress-
sensitive Damköhler number, identified under steady shear condi-
tions, before dynamic shear has a distinguishable effect on bioreactor
performance. The critical stress-sensitive Damköhler number is
approximately 25% of the stress-free Damköhler number (i.e., β0,nth-

order=0.5) for simple nth-order rates of nutrient consumption (i.e.,
n=1,2), and approximately 0.5–1% of the stress-free Damköhler
number (i.e., β0,Cells=2.5) for complex rates of nutrient consumption
that require the presence of nutrients, oxygen, anchored cells, and
vacant active sites in the aqueous protein layer on the rotating plate. In
general, bioreactor designs must consider mechano-sensitive zeroth-
order contributions to the overall rate of nutrient consumption when
the shear-rate-based Damköhler number exceeds its critical value.

Nomenclature
A peak-to-peak amplitude of angular velocity modulations of

the rotating plate at z=2B (i.e., A≤0.42 rad/s)

B one-half of the gap thickness between the stationary and

rotating plates
DCell surface diffusion coefficient for cells on protein-coated

surfaces; length2/time
DNutrient ordinary molecular diffusion coefficient of nutrients in

aqueous mixtures; length2 per time
DOxygen ordinary molecular diffusion coefficient of dissolved oxygen

in the aqueous medium; length2 per time
F(η) radial part of the separation-of-variables solution for dimen-

sionless nutrient mass density, ΨNutrient(η,ζ)
g velocity gradient tensor (i.e., jv)
gij ij-element of the velocity gradient tensor, evaluated at the

rotating plate, which is not symmetric; gij≠gji
gi,ForceField force per unit mass exerted on species i due to the grav-

itational field
G(ζ) parabolic cylinder functions; axial (i.e., z) part of the

separation-of-variables solution for dimensionless nutrient
mass density that satisfies Weber's differential equation

H(x) Heaviside step function
jA,Diffusion diffusional mass flux of species A; dimensions of species

mass per area-time
kn,Surface kinetic rate constant for stress-free heterogeneous rate of

nutrient consumption via simple nth-order reaction that
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depends only on nutrient mass density at the surface of the
rotating plate; {volume/mass}n−1·length/time

kcell,Surface kinetic rate constant for stress-free heterogeneous rate of
nutrient consumption based on complex cell-based kinetics;
{volume/mass}·length/time

Kcell adsorption/desorption (i.e., association) equilibrium con-
stant; cm2/g

LPFR length of an analogous plug-flow tubular bioreactor
MWi molecular weight of species i
PeMT mass transfer Peclet number based on radialflow in rotational

bioreactors
qConduction molecular flux of thermal energy; dimensions of energy

per area-time
QVolumetric volumetric flowrate of the culture medium radially out-

ward between the plates
r independent radial variable, measured in the flow direction

that elutes nutrients from the rotating bioreactor
Δr step size in the radial direction, between grid points
−RA,SurfaceRx stress-free heterogeneous rate of nutrient consumption;

mass per area-time
Rinlet radial position on the rotating plate where fresh nutrients

enter the bioreactor
RPlate radius of the rotating and stationary plates
Rstart radial position where numerical simulations begin, slightly

greater than Rinlet
Rwall radius of an analogous plug-flow tubular bioreactor
Re Reynolds number, defined by Eqs. (17) and (18)
Sc Schmidt number; ratio of the momentum diffusivity to the

mass diffusivity
sG rate of entropy generation in binary mixtures; dimensions

of entropy per volume-time
t independent time variable to describe dynamic behavior of

the rotating plate
T absolute temperature
v velocity vector
∇v velocity gradient tensor, and its magnitude |jv|
{∇v}T transpose of the velocity gradient tensor
vr radial-component of the local fluid velocity vector, vr(r,z)
vΘ tangential-component of the localfluid velocity vector, vΘ(r,z)
bvrNAverage averaged radial-componentof the velocity vector, evaluated

at r=RPlate
z independent spatial variable measured from the stationary

to the rotating plate
Δz step size in the axial coordinate measured from the

stationary to the rotating plate

Greek symbols
j gradient operator
β0,nth-Order stress-free Damköhler number for nutrient consumption

by nth-order kinetics
β0,Cells stress-free Damköhler number for nutrients consumption

by complex cell-based kinetics
βStress stress-dependent Damköhler number for nutrient con-

sumption by zeroth-order kinetics
δDiffusivity nutrient/cell diffusivity ratio
εCell/εNutrient ratio of cell mass produced relative to nutrient mass

depleted during nutrient consumption and cell proliferation
εOxygen/εNutrient ratio of oxygen mass depleted relative to nutrient

mass depleted during nutrient consumption
ϕ angular displacement of the oscillating upper plate at

z=2B, given by Eq. (27)
φ dimensionless cell–cell interaction energy in the Fowler–

Guggenheim modification of the Sipps isotherm
Γ dimensionless ratio of the magnitude of the velocity

gradient tensor, evaluated at radial positions r and at the
outer edge of the rotating plate
κAssociation dimensionless association equilibrium constant for recep-
tor-mediated cell–protein binding

λ exponent in the Sipps isotherm; inverse of theHill coefficient;
λ=1 for non-cooperative cell–protein binding; 0bλb1 for
positive cooperativity; λN1 for negative cooperativity.

μi chemical potential of species i
η dimensionless spatial coordinate in the radial direction, r/2B
ηstart initial value of dimensionless radial coordinate for numer-

ical integration
υHeart frequency of physiological heartbeats, ≈1 cycle/s
ΨCell dimensionless mass density of cells on protein-coated

surfaces
ΨNutrient dimensionless mass density of nutrients in the aqueous

medium
ΨNutrient,Bulk dimensionless bulk mass density of nutrients in the

aqueous medium
ΨOxygen dimensionless mass density of dissolved oxygen in the

aqueous medium
ρCell mass density of cells on protein-coated surfaces; g/cm2

ρNutrient mass density of nutrients in the aqueous medium; g/cm3

ρNutrient,Bulk(r=Rinlet) bulk velocity-weighted area-averaged inlet
mass density of nutrients in the aqueous medium

ρOxygen mass density of dissolved oxygen in the aqueous medium;
g/cm3

τResidence average residence time for radial flow, 2πB(RPlate)2/Q-
Volumetric≈400 s

τViscousStress molecular momentum flux tensor; also, viscous stress
tensor

Θ angular spatial variable in cylindrical coordinates; elimi-
nated via symmetry

ΘCell fractional coverage by anchorage-dependent cells on pro-
tein-coated surfaces

ΘVacant fractionof sitesonprotein-coated surfaces that arenotoccupied
by cells

ωChemicalRx characteristic time constant for nth-order irreversible
chemical reaction

ωHeart angular frequency of physiological heartbeats, 2πυHeart≈
2π rad/s

Ω constant angular velocity of the rotating plate that contains
bound cells, ≈4 rpm

Ξ cell–cell interaction energy in the Fowler–Guggenheim
modification of the Sipps isotherm

χ real separation constant in Eq. (14)
ξA1 Onsager diagonal coefficient (i.e., αT) that couples the

affinity (i.e., µA/MWA-µB/MWB) to the rate of nutrient
consumption

ξA2 Onsager off-diagonal coefficient (i.e., γT) that couples the
magnitude of the velocity gradient tensor to the rate of
nutrient consumption

ζ dimensionless independent spatial variable measured in the
coordinate direction from the stationary plate to the rotating
plate, z/2B
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